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HOMOTOPY PROPERTIES OF ENDPOINT MAPS AND A THEOREM OF 
SERRE IN SUBRIEMANNIAN GEOMETRY 

FRANCESCO BOAROTTO AND ANTONIO LERARIO 


Abstract. We discuss homotopy properties of endpoint maps for affine control systems. We 
prove that these maps are Hurewicz fibrations with respect to some W 1,p topology on the 
space of trajectories, for a certain p > 1. We study critical points of geometric costs for 
these affine control systems, proving that if the base manifold is compact then the number 
of their critical points is infinite (we use Lusternik-Schnirelmann category combined with the 
Hurewicz property). In the special case where the control system is subriemannian this result 
can be read as the corresponding version of Serre’s theorem, on the existence of infinitely 
many geodesics between two points on a compact riemannian manifold. In the subriemannian 
case we show that the Hurewicz property holds for all p > 1 and the horizontal-loop space 
with the W 1,2 topology has the homotopy type of a CW-complex (as long as the endpoint 
map has at least one regular value); in particular the inclusion of the horizontal-loop space in 
the ordinary one is a homotopy equivalence. 


1. Introduction 

In this paper we study homotopy properties of the set of those curves on a manifold M 
whose velocities are constrained in a nonholonomic way (these curves are called horizontal). 
The nonholonomic constraint is made explicit by requiring that the curves should be tangent to 
a totally nonintegrable distribution (for example a contact distribution, whose horizontal curves 
are called legendrian). More generally we will allow affine constraints, by considering a set of 
vector fields T = {Xo, Xi ,..., Xd} and defining a horizontal curve 7 : I = [0,1] M to be an 
absolutely continuous curve (hence differentiable almost everywhere) solving the equation: 

d 

(1) 7 = X 0 (7)+ ^^^(7), 7(0) = x 

i=1 

for functions ui,... ,Ud called controls (x G M is a point that we fix from the very beginning). 

The vector field Xq is special (it plays the role of a “drift”) and in many interesting cases, 
like the subriemannian, it is assumed to be zero; the remaining vector fields satisfy the totally 
nonintegrable Hormander condition: a finite number of their iterated brackets should span the 
whole tangent space TAd (this is also called the bracket generating condition). 

The regularity we impose on the controls determines the topology on the space f l of all 
horizontal curves (called also trajectories). In this paper we will assume u = (ui,... ,Ud) G 
L P (I, R d ) for some 1 < p < oo (thus we consider the W 1,p topology on the space of trajectories). 
The correspondence between a curve and its controls defines local coordinates on SI, which in 
turn becomes a Banach manifold modeled on L p = L p (I,R d ) (in fact this manifold is just the 
open subset of L p consisting of all controls whose corresponding trajectory is defined on the 
all interval I, see the Appendix of this paper or [19] for more details); as a byproduct of this 
identification we will often replace a curve with the d-tuple of controls describing it in local 
coordinates. 
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(Pc > 1) (Dominy and Rabitz) (Sarychev) 

Figure 1. A picture of the continuous inclusions (from left to right) of the 
various W 1 ,p ([ 0 , 1 ]) spaces. 


The endpoint map is the map that associates to each trajectory its final point: 

F : fl —> M 71-A 7(1). 

This map is differentiable (smooth in the W 1,2 case [2]), and the set: 

n(y)=F-\y) 

with the induced topology coincides with the set of horizontal curves joining x to y. 

In the riemannian case, these spaces are well understood and their topological properties are 
related to those of the manifold M via the path fibration (see Hus]), which in our setting we 
discuss below. 

The uniform convergence topology on H has been studied in [Tlj and the W 1,1 in [12]. For the 
scopes of calculus of variations the case W 1,p with p > 1 is especially interesting as the analysis 
becomes more pleasant: for example the p-th power of the L p norm becomes a C 1 function and 
one can apply classical techniques from critical point theory to many problems of interest. Also, 
it is worth recalling that already in the subriemannian case not all topologies on f l are equivalent 
a priori: for example in the W 1,oc case the so-called rigidity phenomenon appear: some curves 
might be isolated (up to reparametrization) in the W 1 ’ 00 topology [9]. 

The key property for studying the topology of horizontal path spaces is the homotopy lifting 
property for the endpoint map. Our first result generalizes the main results from mm, proving 
that there exists p c > 1 (depending on F) such that endpoint map is a Hurewicz fibration for 
the W 1,p topology for all 1 < p < p c (he. F has the homotopy lifting property with respect to 
any space for these topologies). 

Theorem (The endpoint map is a Hurewicz fibration). There exists an interval [1 ,p c ) C [l,oo) 
(depending on T), such that if p £ [1 ,p c ) the Endpoint map F : Q —>• M is a Hurewicz fibration 
for the W 1,p topology on fh Moreover if Xq = 0 then p c = 00 . 

It is remarkable that the subriemannian case ( Xq = 0) has the Hurewicz fibration property 
for all 1 < p < 00 , as in general if Ao ^ 0 the endpoint map can fail to have the homotopy lifting 
property for some finite p < 00 , as shown in the next example [5]. 

Example 1. Consider M = R 2 with coordinates (# 1 , 0 : 2 ) and: 

X 0 = x\d X2 , X 1 =d xi , X 2 = x\d X2 , k> 3 

We consider on fi the function u 1 —y J(u) = ||u|| 2 , which is continuous for every p > 2 for the 
W 1,p topology. Let us also consider the function Ci : R 2 x K 2 —► R: 

ci(x,y) = inf{ J(y) <E ft | 7(0) = x, 7(1) = y}. 

In [5J Proposition 2.1] it is proved that there exists K > 0 such that for all «i£l and all z < 0: 

ci((0, w), (0, w)) = 0 and ci((0, w), (0, z)) > K. 

Consider now the path g s = (0, — s) and let uq £ f2 be a lift for g 0 (i.e. F(uo) = go)- Now this 
path (a homotopy of inclusions of a single point) cannot be lifted: an existence of such a lift 
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would be a continuous path u s on 17 with u s € 17(<? s ), and in particular: 

lim J(u s ) = 0, 

s—>0 

which contradicts the fact that J\ci(g a ) > K > 0 for all s > 0. 

Our proof of the previous theorem is much inspired from mm and in fact consists in a 
simple (but important) modification of the proof from [21]. This theorem has two immediate 
consequences for the W 1,p topology (1 < p < p c ): (i) all the spaces 17(y) as y varies on M 
are homotopy equivalent; (ii) the inclusion of f7(y) into the ordinary space of curves (with no 
nonholonomic constraints) is a weak homotopy equivalence. In particular this last property 
allows to adapt what is known for the topology of the standard loop space to our horizontal one. 

Corollary (Some topological implications). For every k £ N , every 1 < p < p c and every 
y £ M the following isomorphism between homotopy groups holds for the W 1,p topology: 

7T fc (f%)) ~ 7T fe+ l(M). 

Moreover if the base manifold M is compact and simply connected, then the Lusternik-Schnirelmann 
category of the space 17(y) is infinite. 

Once there is some information available for the topology of 17 (y), it can be used to study 
critical points of functionals, the classical example being the study of geodesics between two 
points. A celebrated theorem of Serre [23] states that if a riemannian manifold M is compact, 
then every two points are joined by infinitely many geodesics; the proof of this theorem essentially 
uses the topology of 17 (y) to force the existence of critical points of the Energy functional, which 
in the riemannian case are exactly geodesics. 

More generally one can study critical points of the p-Energy J p : u ||it||P on 17(y) for affine 
control systems on regular fibers 17 (y): as long as 1 < p < p c this function is C 1 (Lemma 0 
and when restricted to 17(y) it satisfies the Palais-Smale condition (Proposition [8J. These two 
properties allow to use classical results to force the existence of critical points. 

Theorem (On the critical points for the p-Energy). Let y be a regular value for the endpoint 
map of the control system ID; 1 < p < p c and consider f = J P \n(y)- If the base manifold M is 
compact then f has infinitely many critical points. 

As a corollary, we thus obtain a subriemannian version of the Serre’s theorem: given x and any 
regular point y for the endpoint map on a compact subriemannian manifold there are infinitely 
many geodesics connecting them. In some cases (e.g. contact or fat distributions) the assumption 
of y being a regular value may be dropped: in these situations there are no abnormal curves 
other than the trivial ones, and our arguments are essentially not affected. 

It is clear at this point that deciding whether a given subriemannian manifold possesses or not 
at least a regular value for F is a crucial problem and, to our knowledge, still an open question. 

If such a value exists, we can be more precise about the homtopy type of the fibers. 

Theorem (The homotopy type of the fiber). Assume that the endpoint map has at least a regular 
value on M. Then any fiber Ll(y) endowed with the W 1,2 topology has the homotopy type of a 
CW-complex. 

1.1. Related work. The problem of understading the topology of the space of maps with some 
restrictions on their differential goes back to the works on immersions of S. Srnale |24| . for the 
case of curves on a manifold the author considers spherical-type constraints on the velocities (i.e. 
immersions and regular homotopies). Hurewicz properties for endpoint maps of affine control 
systems were studied first by A. V. Sarychev |21l for the uniform convergence topology and by 
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J. Dominy and H. Rabitz [12] for the W 1,1 topology. The quantitative study of the interaction 
between the topology of the horizontal loop space and the set of geodesics was initiated by 
the second author together with A. Agracliev and A. Gentile in [3]. In the contact case a 
“local” version of Serre’s theorem was investigated by the second author and L. Rizzi in m 
(the authors perform an asymptptic count of the number of geodesics between two point on 
a contractible contact manifold, using the relation between a subriemannian manifold and its 
nilpotent approximation). 

1.2. Structure of the paper. Section [2TT1 is devoted to the proof of the Hurewicz fibration 
property (Theorem |4]) : the crucial ingredient is the construction of a continous cross-section for 
the endpoint map (Proposition [2]). The topological implications are discussed in Section 12.21 
In section [3] we study critical points of geometric costs: the Palais-Smale property is proved 
in Proposition [ 8 ] and applications via Lusternik-Schnirelmann method are discussed in Section 
13.21 The subriemannian case is discussed in Section [4] The Appendix contains some additional 
technical results, mostly known to experts. 
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as well as A. A. Agrachev, D. Barilari and L. Rizzi for stimulating discussions. The second 
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author has received funding from the European Communitys Seventh Framework Programme 
([FP7/2007-2013] [FP7/2007-2011]) under grant agreement no [258204], 


2. HOMOTOPY PROPERTIES OF THE ENDPOINT MAP 


2.1. Some preliminary results. 

Lemma 1. Let 0 < /3 < and for every j = 1,..., N define the map pj : R^ —> L p ([ 0, oo)) 
by: pj(r) = 0 if rj = 0 and Pj(r) = Xj r j\ r j\^ otherwise (xj is the characteristic function of the 
interval [|r’y_ 1 1^, |r 7 -_i| tf + \rj\P] and rg = 0). Then the map pj is continuous. 


Proof. The only needed verification is continuity at zero: 


lin h Ik 


r*—¥ 0 


3'3\'3 1 IIP 


= lim 

7 *,-— 


r\ r j-i\ P +\rj\ ? 


1/p 


'Jt'J 


I-Tdi 


I I ft+p~ftp _ 

= lim \Vj | p =0 

r 7 —>0 


since (3 + p — ftp > 0 . 


□ 


Proposition 2 (The cross-section). Given the manifold M and the family of vector fields T, 
there exists an interval [l,p c ) C [l,oo) such that for every 1 < p < p c every point in M has a 
neighborhood W and a continuous map: 

& : W x W -> L p ([ 0,oo),R d ) x M 
{x,y) (a(x,y),T(x,y)) 

such that Fx < ' x ’ v \cr(x, y )) = y and cr(x, x) = (0, 0) for every x,y £ W. Moreover, if Xg = 0 then 
Pc = oo. 
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Proof. We first work out the case Xq = 0 and p > 1 (the case p = 1 and Xq = 0 is a special case 
of [121 Lemma 1], whose notation we follow closely). Given the vector fields {Y\, ..., Yfc} define 
inductively Q 1 (Yi) = e Yl and: 

Q v {Yi,Y v ) = e Y " o Q V - 1 (Y 1 ,. .., Y„_i) o o (Q V ~ 1 (Y 1 , . .. , Y„_i))" 1 , v>\. 

Given a real number r we define also: 


P“{Y u ...,Y v ,r)=Q v {rY u ...,rY v ). 

It follows from the Baker-Campbell-Hausdorff formula that, for r sufficiently small, 

tju /-y y l/v\ r adl^...adY2Yi+higher order terms inr 

r yii,I) — e 

Then the bracket generating condition on T implies that (see [T6l Section 2.1] or the proof of [12] 
Lemma 1]) every point in M has a neighborhood W and a continuou^Q map <f> : W x W —> K™ 
such that <f>(x, x) = 0 for all x £ W and: 


( 2 ) 


II pUk > • • • ’ X *» k > Mx, y )) ) (x) = y Vx, y G W. 


V/c=l 


Now we notice that the product in ([2]) can be written as: 


N 


e ^a j (,x,y)X hj 


II P Uk (x kl ,...,x k „ k ,Mx,y)) \ =11' 

\fc=i / j=i 

where TV is a given number and cij,bj £ {1,..., d} for j = 1,..., TV (these numbers are fixed and 
depend on the neighborhood W only). 

Given p > 1 choose /3 satisfying the hypothesis of Lemma [L] Using the notation of Lemma [T] 
we can now interpret y = (IljLi e^ k ^ x,v ^ Xk i)(x) as the solution at time: 

N 

T{x,y) = 

j= i 

of the control problem with initial datum y( 0) = x and control: 

°(x,y) = Y Pjirf’kj( x ,y))i Y Pjifaj&y))’---’ PjiAj&’V)) • 

\{j I fc J =1 I fj 1*3=2} {j \ k 3= d } J 

By Lemma[T]it follows that the map a = (a, T ) defined in this way is continuous: each component 
is the sum of compositions of continuous functions ( T(x,y ) is continuous since /3 > 0) and 
a(x, x) = (0, 0). 

For the case Xq / Owe notice that the proof of m Lemma 1] produces indeed the continuity 
of the cross section for some 1 < p < p c (as we will see, a lower bound for p c in this case is given 
by a/{a — 1), where a is the step of the distribution P). We simply check the needed details. 
The sequence of exponentials © now has to be replaced with m Equation 6.a] (using the same 
notation as the mentioned paper): 


(3) 


n R Vh {Xo, X kl ,..., X Kk , ±<j) kj (; X , y),<p ki (x, y), —, </> kj (x, y)) . 


\k=l 


The construction in m works in such a way that given a > is k /2, using BCH formula, R Vk can 
be written as the exponential of a series of terms from {<pj.fXo ...., (fyjPXo, <j> kl X kl ,..., (j) kty Xk„ } 


1 The fc-th component of <b = ..., <f> n ) is the v -th root of a C 1 function. 
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and their Lie brackets. We choose thus a > cr/2 which guarantees a> v k /2 for all k = 1,..., n. 
The product in (0 can thus be regarded as the solution at time T = Yj of a control 

problem with initial datum y( 0) = x and locally constant controls a = ( 01 ,..., ad) taking values 
on an interval of length 4>f‘. The continuity of the final time T follows from the fact that a > 0; 
for the continuity of the corresponding a we argue as in [12] Appendix C]. Each component 
of a is the concatenation of some fixed number of locally constant controls (some of them can 
possibly be zero) each one defined on an interval of length and taking a value proportional 
to f\~ 2a ■ Then it is enough to check the continuity of this control at zero for the L p -topology. 
If we choose p < 2 ^° 1 then: 


lim 



dt = 


lim 

<t> kj -y 0 K i 


= 0 . 


(Notice in particular that, because of the way we chose a , a lower bound for p c is given by 
< 7 /( 0 --1).) □ 


Proposition 3 (Rescaled concatenation). Letp £ [l,oo), then the map C : L p (I)xL p ([ 0,+oo))x 
R —> L P (I) defined below is continuous: 


I (T + l)u[t(T + 1)) 0 <t<-— 

C(u, v, T)(t) = < 1+1 

(T+1M(T + I)f-1), T+l <t ~ 1 ' 


Moreover (extending the definition componentwise to controls with value in we also have 
Ff +T (u * v) = Ff(C(u, v, t)) for every x £ M (here u* v denotes the usual concatenation). 

Proof. As L P (I) x L p ([0, + 00 )) x R is a metric space, it is sufficient to prove that if ( Uk,Vk , Tfc) —» 
(■ u,v,T ), then || C(u k ,v k ,T k ) -C{u,v,T)\\ p -> 0. 

Assume for simplicity that Tk > T (we can split the sequence {Tfcjfcgpj into two monotone 
subsequences and work the case Tk <T separately, it is completely analogous). Start with: 


(4) 


|| C(u k ,Vk,T k ) -C{u,v,T )|| p 
/■l/CTk+l) 

= / \(T k + l)u k {t{T k + l))~(T+l)u(t(T+l))\ p dt 

Jo 

+ \{T k + 1 )v k (t(T k + 1) - 1) - (T+l)u(t(T+l))\ p dt 

Jl/(T k +l) 

+ [ \(T k + l)v k (t(T k + l)-l)-(T+l)v(t(T+l)-l)\ p dt. 
Jl/(1+T) 


Fix s > 0 and let g be a smooth function compactly supported on [0,3/2) such that ||g — it|| p < 
e. Observe that for k sufficiently large we have \\u k — g\\ p < ||u — u k \\ p + £ < 2e. We can bound 
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the first integral in ([4]) as: 

r l/(T k +l) 


(5) 


\(T k + 1 )u k {t{T k + 1)) - (T + 1 )u(t(T + 1))| p dt 


< 2 2 (p~ 1 ) 


nl/(T fc + l) 


I(Tfc + l)«fc(t(T fc + 1)) - (Tfc + \)g(t{T k + l))| p dt+ 


/o 


,l/(T fe +l) 


I (Tfc + l)fl(*(T fc + 1)) - (T + l) 5 (t(T + 1))| p dt+ 


r - !/(Tfc+1) 


J q \(T + l)g(t(T + 1)) - (T + l)u(t(T + l))| p df 

< 2 2 (p- 1 ) (jT fe + lr 1 !!^ - g\\ p + I T + lr 1 !^ - g\\ p + 


r l/(T fc +l) 


|(Tfc + 1 )g(t(T k + 1)) - (T + l)g(t(T + 1))| p dt 


Since g is uniformly continuous in [0,1], the last integral in dSJ can also be made as small as we 
wish as k — > oo as it is evident from: 


-l/(T fc + l) 


-l 


|(Tfc + 1 )g(t(T k + 1)) - (T + 1 )g(t(T + 1 ))\ p dt 

,1/(T*+1) 


I (Tfc + 1 )g(t(T k + 1)) - (Tfc + l)g(t[T + l))| p - 


r l/(T*+l) 


I (Tfc + 1 )g(t(T + 1)) - (T + l) 5 (t(T + l))| p . 


< 2 P 


The third integral in (J4]) is formally the same as the one just handled; a similar reasoning 
proves that it goes to zero as k —> oo. We are left to deal with the middle one. In this case as 
k —> oo by the dominated convergence theorem we have both 


m/(t+i) r(±k- t-±;/u+i; 

/ \v k (t(T k + 1) - 1)1 p dt = |Tfc + lr 1 / \v(z)\ p dz -»• 0 

Jl/(T k + l) Jo 


(T fc +1)/(T+1) 


and 


'l/(T k +l) 

Finally this yields: 
/■1/(T+1) 


/ |(T + l)u(t(T + l))\ p dt = \T + l| p_1 / \u(z)\ p dz^0. 

J 1/ (Tk+l) J(T+l)/(T k +l) 


h/(T k +i) 


I (Tfc + 1 )v k {t(T k + 1) - 1) - (T + l)u(t(T + l))\ p dt 


( p(T k -t)/(T+ 1) pi 

< 2 P_1 |Tfc + If- 1 / |u(2)| p d2 + |T + ll^- 1 / 

\ do d(T 


(T+l)/(T t +l) 


\u(z)\ p dz , 


and with this we can eventually conclude that: 


lim ||C(u fe , v k , Tfc) - C(u,v,T)\\ p = 0. 

k —^oo 


□ 
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2.2. The Hurewicz fibration property and its consequences. 

Theorem 4. There exists an interval [1 ,p c ) C [l,oo), such that if p £ [1 ,p c ) the Endpoint 
map F : 12 —>• M is a Hurewicz fibration for the W 1,p topology on 12. Moreover if X 0 = 0 then 
Pc = oo. 

Proof. Recall that Hurewicz fibration means that F has the homotopy lifting property with 
respect to every space Z. By Hurewicz uniformization theorem EH, it is enough to show that 
the homotopy lift property holds locally, i.e. every point x £ M has a neighborhood W such 
that F\p-i^\y) has the homotopy lifting property with respect to any space. 

The case p = 1 is proved in mi, thus let 1 < p < pc, W and a be given as in Proposition [2] 
Consider a continuous map g : Z x I —»• W and a lift g 0 : Z —»• 12 such that F(g 0 (z)) = g(z, 0) 
for all z £ Z. We define the lifting homotopy g : Z x / —>• 12 by: 

g{z, s) = C{g 0 (z), a(g(z, 0), g{z, s)),T(g(z, 0), g(z, s))) 

'-v.-' 

S-(g(.z,0),g(z,s)) 

(here C is defined as in Proposition [3] componentwise). 

The defined function g is the composition of continuous functions (by Propositions [2] and (H) . 
Moreover by the second assertions in Propositions [2] and [3] 

F{g(z, s)) = g{z, s) W{z,s) e Z x I, 

which proves the claim. 

□ 

Remark 1 (On the homotopy type of the fibers). As a consequence of Theorem |4] all fibers 
of F (even the singular fibers) have the same homotopy type [25] . Moreover, by the long 
exact homotopy sequence of Hurewicz fibrations [25] one also obtains the following isomorphisms 
between homotopy groups: 

(6) 7Tfc(12(y)) — 7Tfc+i(M) Vfc > 0 

Corollary 5. If the base manifold M is compact and simply connected, then for every p < p c 
(where p c is given by Theorem w and every y G M the Lusternik-Schnirelmann category of the 
space 12 (y) with respect to the W 1,p topology is infinite. 

Proof. Let 1 < p < p c be given by Theorem[4] Then the ordinary loop space and 12 (y) are weakly 
homotopy equivalent (both spaces endowed with the W 1,p -topology). Moreover the Endpoint 
map for the W 1,p -ordinary loop space is a Hurewicz fibration for every p > 1 (it is a submersion), 
in particular the ordinary loop spaces are all weakly homotopy equivalent to the one with the 
W 1,2 -topology. Since the cup length of the W 1,2 - ordinary loop space of a compact simply 
connected manifold is infinite (see [22] Corollary 20] or the classical work of Serre [23]), so it is 
for 12 (y) with the W 1,p -topology. The cup-length is a lower bound for the Lusternik-Schnirelmann 
category, hence the result follows. □ 

3. Critical points of geometric costs 

3.1. The regularity of the Energy. For p > 1 we define the p-Energy J p : L P (I, R d ) -A R by 
(for simplicity we omit to make explicit the dependence of J v on p , when it will be clear from 
the context): 

d 

j p( u )=Y2 ii Mi iip’ u = 

i= 1 


2 Depending on (M, Xq , X \,..., Xj). 
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To simplify notations below we will simply denote L p = L P (I , K. d ), also we will omit the subscript 
notation for u = (ui,... ,Ud) when not needed (the corresponding equations should thus be 
interpreted componentwise). 

We will need the following result on Nemitski operators. 

Theorem 6 (Theorem 2.2 [3]). Let g : I x R —> R be a function such that (i) the function 
v i-» g(t,v ) is continuous for almost every t G I; (ii) the function t i-A g(t,v) is measurable for 
all d€R. Assume also there exists a, b > 0 such that: 

\g{t,v)\<a + b\v |“, a = 

q 

Then the map u(-) H > g(-,u(-)) (a Nemitski operatorj is continuous from L P (I) to L q (I). 

As a corollary we derive the following elementary lemma. 

Lemma 7. The map u e -> u\u\ p ~ 2 is a continuous map from L P (I) to (/). In particular, if 
y is a regular value of the Endpoint map, then f = J | n( .^ is a C 1 function. 

Proof. The continuity of u H > u\u\ p ~ 2 is immediate from the previous Theorem. Now, if y is a 
regular value of the Endpoint, the differential d u f coincides with d u J\T u ci(y) thus to prove that 
it is differentiable with continuous derivative it is enough to prove it for J. The differential d u J 
as a linear functional on L P {I, R d ) is easily computed to be (componentwise): 

(d u J,h) = f pu(t)\u(t)\ p ~ 2 h{t)dt, for all h £ L p , 

Jo 

i.e. d u J = pu\u\ p ~ 2 e£ ? = ( L p )*, then the result is clear from the previous claim. □ 

Proposition 8 (Palais-Smale condition). Let y be a regular value of the Endpoint map and 
p > 1. Then the function f = J\n( y ) satisfies the Palais-Smale condition, i.e. any sequence 
{itfcjfceN C Ll(y) on which f is bounded and such that d Uk f —> 0 has a convergent subsequence. 

Proof. Consider the differential d u F of the endpoint map at a point u. Using the notations of 
Theorem 1221 we can write it, for any v G L p as: 

( d u F)v = [ M u {l)M u {s)~ 1 B u (s)v(s)ds. 

Jo 

Denote by Wi(t;u),... ,w n (t;u) the rows of the matrix M u {l)M u {t)~ l B u {t)-, notice that for 
j = 1,..., d we have Wj(-; u ) G L q . If u G Ll(y), then we can write: 

T u ft(y) = ker d u F = span{wi(-; u ),..., w n {-\ u)}- 1 ; 

as the latter is a linear subspace, we also deduce: 

T u V,(y) J - = span{u;i(-;u),..., w n {-\ u)}. 

In particular, for any u G D(j/), T u fl(y) is a closed subspace of codimension n in L p and therefore 
it is complemented, i.e. there exists a closed and finite dimensional subspace W u such that 

(7) L p = T u Sl(y)®W u - 

finally, observe that there exists a continuous linear projection ir u : L p —> W u subordinated to 
this splitting, that is ker(7r„) = T u Ll(y), see [TUI Chapter 2]. 

Let now {ufcjfcgN C Ll(y) be a bounded sequence such that d Uk f —> 0. Since d u f = 
( d u J)\T u n(y) then by definition of the projections n Uk we have: 

(d Uk J, (Id - TT Uk )v) —0, Vu G L p . 
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The space L p is uniformly convex, hence reflexive by the Milman-Pettis theorem; the sequence 
{itfc} is bounded by assumption and invoking Banach-Alaoglu we deduce the existence of a 
subsequence {u kl }i & ^ and u £ L p such that u kl —*• u. Furthermore, observe that if q = p* = 
is the conjugate exponent of p , then: 

d u J = pu\u\ p ~ 2 => \\d u J\\ q q = ||u||£. 

By the above discussion, up to subsequences, we may thus assume that ||ufe|| p < C and u k —“■ u 
in L p . There exists then A'eM sufficiently large so that for any norm-one v £ L p and k > K 
the following holds: 

(8) \(d Uk J,TT Uk (v))\ < \{d Uk J,v) \ + \{d Uk J,v -n Uk {v)}\ <C+ 1. 

It is well-known m Section 3] that the splitting in dTJ) induces a dual splitting on L q , namely 
for any u £ Q(y) we have 

L q = (T u n(y))* ®W:; 

moreover the adjoint operator 7r* fc is still a projection with kernel ITA and range (T Uk Cl(y ))-*- = 
W* k = L q /W^ k = span{wi(-; Ufc),... ,«;„(•; Uk)}- In particular, © shows that 

\K k (du k J)\\ q <C+h Vfc > K. 

Write: 

n 

K k (d Uk J) =^2a jtk w j {-,u k y, 
j =i 

since the projections have finite ranges, and all norms are equivalent on finite-dimensional spaces, 
by the above we deduce that there exists C' > 0 so that 

(9) ^a hk ai }k {w 3 {-\u k ),wi{-\u k )) = h* Uk {d Uk J)\\l < C'. 

3,1 

Because of Lemma [Ml and Theorem ITTH and the fact that u k —>• u weakly in L p , then for every 
j = 1 ,...,n the function Wj{-\u k ) : [0,1] —»• K d converges strongly (and hence in any L p norm) 
to a function Wj : [0,1] —>• R d . Also, F(u) = y and since y is a regular value, then {uJi,... ,w n } 
is a linearly independent set. 

By (19]) we have JA ; aj !k ai tk (Wj,Wi) < C', which tells the sequence: 

{ z k = E a j,k w j / C spanjiui,..., w n } is bounded. 

J J fee n 

Since span{uJi,..., w n } is finite dimensional we can then assume z k —> z; since {wi,... ,w n } is 
a linearly independent set then the sequences {ayfc}fcgN for j = 1., n are bounded and we can 
assume they converge. Consequently also 7r* (d, lk J) —> z (all this up to subsequences). 

Finally we have: 

lira \\d Uk J — z\\ q < lim (\\d Uk J - tt* (d Uk J)|| 9 ) 

k—too k —^-oo 

+ , lim (I WuMu k J ) -Z\\q) = 0. 

k—*oo 

This proves that u k \u k \ p ~ 2 = d Uk J z (up to subsequences), and the result follows now from 
the next Lemma [9] □ 
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Lemma 9. Let {u n }neN C L p such that: 

u n \u n \ p ~ 2 —A 2 . 

Then u n —A ^ p ~ l \ 

Proof. Consider the Nemitski operator N : L q —>• L p defined bym-l v \ v \( 2 -p) / (p- 1 ) . Since: 

i i 1 i i p 1 

< |u| p - 1 = |u| p - 1 p 

then N £ C°(L q ,L p ) by Theorem ED In particular u n = N(u n \u n \ p ~ 2 ) N(z ), and the claim 

follows. □ 


2—p 

v\v\ P- 1 


3.2. Critical points. 

Theorem 10. Let y be a regular value for the endpoint map of the control system O; 1 <P < Pc 
(where p c is given by Theorem . ^]) and consider f = J p \n( y ). Then f has infinitely many critical 
points. 

Proof. The first part of the proof follows the lines of the classical argument. Assume first that the 
fundamental group of M is infinite. Then by (j 6 | fl(y) has infinitely many components. Lemma|T] 
tells that / is C 1 and Proposition [5] that it satisfies the Palais-Smale condition. Assume that one 
component of Tl(y) does not contain any critical point of /. Then we can apply the deformation 
lemma EE Lemma 3.2] and conclude that / needs to be unbounded from below, which is in 
contradiction with the definition / = J p \n(y) > 0. 

Assume now the fundamental group of M is finite. Let us call r : M —> M the universal 
covering map. Then M is also compact, and the structure T can be lifted to a structure 
T = {A 0 ,..., X d } by setting: 

d^rXi(x) = Xi(r(x)). 

Let x be a lift of x and {y 1 ,... ,y k } be the lifts of y (here k = # 7 ir(M), the number of sheets 
of the covering map). Denote by the set of horizontal curves on M leaving from x, by F 
the corresponding endpoint map and by Q(y) the set of horizontal curves on M between x and 
y £ M. We denote by r : O —> fl the smooth map that associates to a horizontal trajectory 7 
on M the trajectory r o 7 on M. Notice that in coordinates this map is the identity maps on 
controls (hence it is a local diffeomorphism), and in particular: 

J( 7) = J(H 7))- 

Moreover, by construction the following diagram is commutative: 

&{y) 

F 

M - : -> M 


f2( 
F 


and since r and r are local diffeomorphism, then y is a regular value of F. 

If we prove the statement for M, then we are done: in fact given a critical point u for the 
geometric cost / = then r(u) is a critical point for / (hence we would obtain an infinite 
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numbers of distinct critical points for /). To see this fact let us use the Lagrange multiplier 
formulation: u is a critical point of / if and only if there exists A G T|M such that: 


A o duF = duJ. 


Using the commutativity of the above diagram, and the fact that r is a local diffeomorphism we 
see that this implies the existence of a A £T*M such that 

(10) A o (]-f(u) F o d—r — dr(u)J o h—r . 

in fact 

d’r(u) J ® djiT d~*/ 

= A o duF 

= * ° d v(F{u )) r ° d F(u) r ° d uF 
= A o d T (u)F o duf. 

On the other hand, being r a local diffeomorphism, dyjr is also an isomorphism of vector 
spaces; consequently simplifying it from m we can write: 

A o d—(u'j F d-fjjj .1 

which tells exactly that f(u) is a critical point for /. 

We are left with the case M compact and simply connected. Let y be a regular value of the 
endpoint map and consider the horizontal path space Ll(y) endowed with the W 1,p topology 
(recall that we are assuming 1 < p < p c with p c given by Theorem |4j . Since y is a regular 
value of the Endpoint map, fl(y) is a smooth Banach manifold modeled on L p = L p ([ 0, l],R d ) 
(here d is the rank of the distribution). The function / is C 1 (by Lemma [7]) and it satisfies the 
Palais-Smale condition (by Proposition [8] above), hence the results follows from Corollary [5] and 
the following Proposition. 

Proposition 11 (Corollary 3.4 from [11]). Let £l(y) be Banach manifold and f £ C' 1 (r2(y),R) 
bounded from below and satisfying the Palais-Smale condition. Then f has at least as many 
critical points as the Lusternik-Schnirelmann category offl(y). 

□ 

4. The subriemannian case 

In this section we discuss applications of the previous results to the subriemannian case, in 
particular we will always make the assumption Xo = 0. 

4.1. Geodesics. Given two points x,y in a subriemannian manifold M, a subriemannian geo¬ 
desic is a curve 7 : / — > M satisfying the following properties: (i) it is absolutely continuous; (ii) 
its derivative (which exists almost everywhere) belongs to the subriemannian distribution; (iii) 
it is parametrized by arc-length; (iv) 7(0) = x and y{ 1) = y; (v) it is locally length minimizer, 
i.e. for every t £ [0,1] there exists S(t) > 0 such that 7|[ t _5( t ) it+ 5( t )] has minimal length among 
all horizontal curves joining y(f — S(t)) with y(f + S(t)). 

Proposition 12. Let y be a regular value of the Endpoint map centered at x. For every p > 1 
all critical points of f = J p ap e subriemannian geodesics joining x to y. 
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Proof. First let us notice that curves that are locally Jp-minimizers are parametrized by constant 
speed and are locally length minimizer (the proof of this fact is the same as the classical proof 
for p = 2 as in [HI Section 12] and essentially uses the fact that (/ |m|) p < / |u| p with equality 
if and only if |rt| = c). Also, being locally length minimizer and parametrized by constant speed 
implies that globally the parametrization is with constant speed. 

Let us consider the equation for u £ L p to be a critical point of / = J p \ F -ir y ) (using Lagrange 
multipliers rule): 

(11) 3A e T*M such that A o d u F = pu\u\ p ~ 2 . 

In particular since a critical point u of / is a local length minimizer (this can be seen by 
considering variations of only a small portion of the corresponding curve), we must have |it| = 
c > 0 and we can rewrite m as: 

3r) = — e T*M such that rj o d u F = u, 
pc y 

which is the equation for the critical points of J 2 on fl(y). 

Thus if y is a regular value of the Endpoint map, the critical points of J 2 and J p on (y) 
are the same; since critical points of J 2 | n ^> are subriemannian geodesics joining x to y (see [2, 
Theorem 4.57]), the result follows. □ 

As a corollary of Propositon [12] and Theorem 1101 we obtain the subriemannian version of 
Serre’s theorem. 

Theorem 13 (Subriemannian Serre’s Theorem). If y is a regular value of the endpoint map 
centered at a point x in a compact subriemannian manifold, the set of subriemannian geodesics 
joining x and y is infinite. 

4.2. The contact case. In the contact case we can remove from the subriemannian Serre’s 
theorem the regularity assumption on the two points. In fact the same proof works in the 
slightly more general case of fat distributions (see [TD] for more details on these distributions), 
as the only property that we are going to use is that there are no nontrivial abnormal curves. 

Theorem 14. For every two points on a compact, contact subriemannian manifold the set of 
subriemannian geodesics joining them is infinite. 

Proof. We prove that J p (with p > 1) has infinitely many critical points when restricted to each 
f2(y). Because of Theorem [lOl the only case that we have to cover is the case the final point y is 
the same point as the initial point x (in which case it is not a regular value for F ). 

Recall that on a contact manifold there are no nontrivial abnormal extremals (i.e. critical 
points of the Endpoint map), see [2] Corollary 4.3.5], the trivial one being the one with zero 
control. 

The case when the base manifold is not simply connected can be treated as in the proof of 
Theorem llOl if the fundamental group is infinite, then only one of the infinitely many components 
of fi(x) contains the zero control; if the fundamental group is finite, we pass to the universal 
cover (which is still compact) and notice that the projection of a geodesic is still a geodesic (no 
matter if it is a singular point of the Endpoint map, as in the subriemannian case geodesics are 
locally length minimizers and length is preserved by projection). 

Thus we assume our manifold M is compact and simply connected. Consider F, the restriction 
to L p \{0} of the Endpoint map centered at x. Then, again by [2] Corollary 4.3.5], F~ 1 (x) is a 
smooth Banach manifold and: 


fl(x) = F~\x) U {0} 
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(fl(x) has its only singularity at zero). 

We prove that the Lusternik-Schnirelmann category of F~ 1 (x) is infinite. Combining this 
with the fact that the p -Energy / : F~ 1 (x) -A R is C 1 and satisfies Palais-Smale for every level 
c > 0, implies that / has infinitely many critical points. 

Assume that the Lusternik-Schnirelmann category of F~ 1 (x) is finite and let U \,..., IT*, be 
contractible open sets covering F~ 1 (x). We show that a sufficiently small neighborhood Uq of 
0 G 12(x) is contractible in f l(x): this would imply that the Lusternik-Schnirelmann category of 
Cl(x) is finite as well, which contradicts Corollary [5] (all spaces regardless y, are homotopy 
equivalent since the endpoint map is a Hurewicz fibration hence they all have the same L-S 
category). Let now c > 0 be such that / has no critical values in (0,c). Notice that if there 
is a sequence {c„} n6 N of critical values of / converging to zero, then we immediately have 
infinitely many critical points so we can assume such a sequence does not exist, which implies 
the existence of c > 0. Consider the open set Uq = f l(y) fl {/ < c} and a pseudo-gradient vector- 
field X G Vec(F _1 (x)) for / (the existence of such a vector field is guaranteed by [TT| Theorem 
3.1]). By the deformation Lemma [TTJ Lemma 3.2] the (senri)-flow of X (we extend this flow to 
a constant map at zero) deformation retracts Uq to 0 G fl(x). □ 

4.3. The subriemannian loop space has the homotopy type of a CW-complex. 

Theorem 15. Assume the endpoint map for a subriemannian manifold has at least one regular 
value. Then the space fl{y) with the W 1,2 topology has the homotopy type of a CW-complex. 

Proof. Every Hilbert manifold has the homotopy type of a countable CW-complex QU]. In 
particular this is true for the space Ll(y') if y' is a regular value of the Endpoint map. All spaces 
f l(y) as y varies on M have the same homotopy type (as a consequence of Theorem 2]), hence 
the result follows. □ 

Corollary 16. If the endpoint map for a subriemannian manifolds has at least one regular value, 
the inclusion of the horizontal path space in the ordinary one is a homotopy equivalence (both 
spaces endowed with the W 1,2 topologies). 

Proof. The inclusion of the horizontal path space in the ordinary one is a weak homotopy equiv¬ 
alence for the W 1,2 topologies (by Theorem U). Since both spaces have the homotopy type 
of CW-complexes (by Theorem fTSl) the result follows from Whitehead’s theorem [13] Theorem 
4.5], □ 


5. Appendix 

In this section we collect a list of technical results that we use in the proofs. Most of these 
results are well known to experts, but it is often not easy to find an appropriate reference. Some 
proofs are adaptations from [26! to the general case p G (1, oo). 

Lemma 17 (Gronwall inequality). Assume ip : [0, T] -A R to be a bounded nonnegative measur¬ 
able function, a : [0,T] -A R to be a nonnegative integrable function and B : [0,T] -a! to be 
non decreasing such that 

<p(t) < B(t) + f a(T)tp(r)dT, ViG[0, T]; 

Jo 

then 

pit) < B(t)e^ a{T)dT , Vi G [0, T]. 

Proposition 18. Let T > 0 be fixed. Then the domain of the endpoint map is open in 
LP([0,T],R d ). 
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Proof. The strategy of the proof consists in showing that if v belongs to a sufficiently small 
neighborhood of u in L p ([0, T], R d ), then the corresponding trajectories and 7 v remain uni¬ 
formly close. It is not restrictive to prove the theorem for small T > 0, which in turn allows us 
to work inside a coordinate chart. Also, we assume that the vector fields X{, i = 0,1,... ,d have 
compact support in R"; Lemma 3.2 in the aforementioned paper yields that they are therefore 
globally Lipschitzian. For any t £ [0,T] we have the following: 


\\lu(t) -7r(*)|| < 


(X 0 (7 u (t)) - A 0 (7 v {r)))dT 


+ [ ^Wi(T)(A r i (7„(r)) - Xi(7„(r)))dT 
i=1 

- [ ^(^(r)-w i (r))X i (7„(r))dT 
J o i =1 

< C f (1 + 51 M'ODIl'TuCr) - 7„(r)|| dr + h v {t ), 
JO 


with 


h v (t) 



Ui{T))Xi{^ u {r))dT 


By Holder inequality we obtain 

h v (t)<C'T 1 / q \\u-v\\ p , Vt£[0,T]; 

moreover we deduce that for any e > 0 there exists a neighborhood U of u in L p ([ 0, T], R d ) such 
that h v (t) < c, for any v £ U and t £ [0,T]. We conclude using Gronwall inequality that 

||7«(*) -7«(«)l| < ee c ( T+Tl/ “ K \ Vt £ [0,T], 


□ 


Theorem 19. Let u = (ui,... ,Ud ) £ L p ([0, T], R 11 ) fee a control in the domain of the end¬ 
point map F, and let 7„ fee the corresponding solution to 0. Let (u„) n6 N fee a sequence in 

L p ([0, T], R d ). If u n u, then for n large enough "f Un is well-defined on [0,T] and moreover 7„ n 
converges to ^ u , uniformly on [0,T]. 

Proof. It suffices to prove the proposition when T is close to zero; this in turn permits to work 
in a coordinate chart, that is we may suppose the vector fields X, to have compact support in 
R". Moreover, let K be a compact neighborhood of x such that there exists C > 0 for which 


H-Xi(zi) - Xi{z 2 )\\ < C\\zi - 221| 
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holds for any Z\,Z 2 £ K and any i = 0,1,... , d. For all t £ [0, T] we have: 

||7«(*)-7u„(i)|| < [ ||(Xo(7„(t))-X 0 (7 u „(r))||dT 
Jo 

pt d 

+ / ^2 l W n,*(' r )lll^(7«(' r )) - X i{lu n {T))\\dT 

J 0 i=1 

+ [ ^2 \ U n,i{T) - Ui{T)\\\Xi{^ u {T))\\dT 
J 0 i= 1 

< C [ (l + VK 1 (r)|)||7.(r)-7« B (r)||dr + Mt), 

J 0 i=l 

where 

nt d 

h n (t) = / V \u n ,i{T) - w i (r)|||X i (7„(r))||dr. 

i=l 

The uniform boundedness principle of Banach and Steinhaus ensures that sup ngN ||w n || p < M; 
if we can prove that h n tends uniformly on [0, T] to the zero function, then we would finish the 
argument using the Gronwall inequality. 

Observe that h n tends pointwise to the zero function; it is also uniformly 1 /q-Holderian, where 
q = indeed if L = sup, ; sup peRn ||Xj(p)|| we have 

j>t-2 d 

\\h n (ti) - h n {t2)\\ <L 5Z(|w n>i (r)| + \ui{r)\)dT 
7(1 i=l 

<L(M+|| U || p )|t 1 -t 2 | 1 /«. 

The proof is then concluded by the next lemma. □ 

Lemma 20 (Uniform convergence of Holderian maps). Let {fk}ke n : [a, b\ ->R n be a uniformly 
a-Holderian sequence of functions which converges pointwise to a limit function f. Then f is 
a-Holderian and fk —> f uniformly on [a, b\. 

Proof. The relation || fk{x) — fk(y)\\ < M\x — y\ a immediately yields that the limit function / 
is also a-Holderian. 

Next, let £ > 0 be arbitrary and let accordingly p = ■ As [a, b] is compact, it can be 

covered by a finite collection {Bi}\ =1 of balls of radius p, whose centers will be denoted by xp, 
this means that for any x £ [a, b] there exists i £ {1,... , / } such that \x — Xi\ < p. Let K £ N 
be such that || fk(xi) — f(xi)\\ < e/3 for all i = 1,... , / if k > K. The following holds true for 
k £ N sufficiently large: 

II fk{x) - f(x )|| < ||/ fe (x) - / fc (a: i )|| + || fk{xi) - /(aj*)|| + || f{xf) - /(ar)|| 

< 2M\x — Xi\ a + ^ < e, 

O 

and this finishes the proof. □ 

We turn now to the issue of the differentiability of the endpoint map F, i.e. we want to 
determine its Freclret differential and prove some of its continuity properties. 
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Proposition 21. Let u be in the domain of the endpoint map F : Z/ p ([0, T], R“) and let be the 
associated trajectory. Then for any bounded neighborhood U of u in L p ([0, T\, R d ), there exists 
a constant C = C(U) such that whenever v, w G U and t G [0,T] we have 

IKW -7™WII < C\\v-w\\ p . 

Proof. Using 0 we derive the following estimate 

I Vi - w i \\\X i ('y v (s))\\ds + [ ||X 0 (7 v (s)) - X 0 (7 w (s))||ds 

Jo 

d „t 

+ E / Klll^i(7t;(s)) - A' l (7 u ,(s))||ds. 
i=i J o 

Theorem m ensures that j v and 7™ take values in a compact K which depends just on L0; as 
Xq , X\,... ,Xd are smooth, we have the existence of a constant M such that for all v,w G U 
and for all i G 1,... ,d there holds 

WXMW < m, 

||*i(7„) -Mlw )II < Vt G [0, T]\ 

lastly we may assume that U is contained in a ball of radius R, that is ||ui|| p < R for all w G U. 
We proceed with the estimate in (TH21) as 

nt d 

\hv(t) - "fw{t)\\ < B\\v - w\\ p + M / (1 + y'kt|)|[7«( s )-7iu( s )ll ds . Vt G [0, T], 

J o i=l 

where B = MT x l q \ finally, Gronwall inequality yields 

||7«(*) - 7tu(*)|| < Be M{ - T+RTl/q) \\v - w\\ p , Vt G [0,T], 

□ 

We fix now some notations used in the next theorem: let A u (t) = dXofffu) +Xa=i UidXi(j u ), 
B u (t) = (Xi("f u ),... , Xdi'fu)), and let M u be the nxn matrix solution of M' u = A U M U satisfying 
M u ( 0) = I; we have 

Theorem 22 (Differentiability of the endpoint map). The endpoint map F is L p -Frechet dif¬ 
ferentiable; its differential at u is the linear map dF(u) : L p —> M™ defined by 

(d u F)v = f M u (T)M u {s)~ l B u (s)v(s)ds. 

J o 

Proof. Let u G L p ([0,T],R d ) be fixed in the domain of F. Let us consider a neighborhood U of 
u in L p ; without loss of generality we may assume that there exists R > 0 such that ||u|| p < R 
for any v G U. Let and ju+v be the solutions to 0 with respect to the controls u and u + v 
respectively. We have 

d d 

(13) 7 u+v 7 u = -^"0(7 u+v) -^o(Tu) ^ ^ ViXi(p( u -\-v) + "y ^ (Xi[p/u-\-v ) Xi(p{ u y). 

2=1 2=1 

^By Banach Alaoglu U is sequentially weakly compact, hence weakly compact by the Eberlein Smulian theo¬ 
rem. On the other hand theorem 1 191 implies that for any e > 0, whenever u, v belong to a sufficiently small open 
set, || 7 ii(t) — 7v(t)|| <eon [0, T]. The statement follows since whenever we cover U with a collection of open sets 
of arbitrary small size, we may always extract a finite subcover and then proceed via the triangular inequality. 


(12) ||7„(t) -7™WII < 


E 
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For all i = 0,1,... ,d there hold the expansions 

= dXi ('7'w) (sYu+v Tu) 

T / (l t)d Xi(t lu “h (1 ^)^iu-\-v) {^fu-\~V 7 Ul ^fu-\-V r )u)dt) 

Jo 

Xiipfu+y) — Xi (7u) ~t ~ I (1 t)dXi(t^u + (1 t') / yu-\-v')( r Yu-\-v Ju)dt, 

Jo 

plug the above into (fl3l) to rewrite that equation as 
(14) uj = A u cu + B u v + 

where cu(t) = 7 u + v (t) ~ 7 u(t) and 
d -1 

€(t) = y^Vi(t) / (1 - s)dX i {s'y u + (1 - s) 7 „ + ^)( 7 „ + „ - 7 „)rfs 

i=1 

“t - / (1 s)c£ -^fo(^7w “t - (1 )(Tu+d 7^)7w-t-v 7u)ds 

Jo 

d „1 

+ V] Ui(t) / (1 - s)d‘ 2 X i (s'y u + (1 - s)7u+u)(7u+i; - lu^u+v - lu)ds. 

i= 1 J o 

We have ||u|| p < R for all v £ U; the previous proposition and the estimate 

II s 7tt( s ) + (1 - s) 7 u +„(s)|| < ||7«(s)|| + (1 - s)||7-u+-u(s) - 7u(s)|| < ||7u(s)|| + CR 

imply that there exists a compact K C 1" such that sj u (s ) + (1 — s)7 u+ „(s) £ K for any 
s £ [0,1] and any v £ U. Since the Xi are smooth, again by the proposition above we have we 
the estimate 


< ci|M| P 57«i(i)| + c 2 IMIp(l + 57 Ui (*)D' 

2—1 2—1 

We solve (fUl) to obtain 

uj(t) = [ M u (t)M u (s)~ 1 B u (s)v(s)ds + f M u (t)M u (s)~ 1 ^(s)ds ; 

Jo Jo 

in particular for t = T 

7„+„(T) - 7„(T) - f M u (T)M u (s)~ 1 (s)B u (s)v(s)ds 
Jo 

< C’ (^ci\\ v \\p ^|«i(s)|ds + c 2 |M |(1 + Y2\ui(s)\)ds 

< C ( Cl TV« + c 2 (T + ||u|| P T 1/9 )) \\v\\ 2 p . 


(15) 


2—1 


The map 


T u : L p 3 v [ M u (T)M u (s) 1 B u (s)v(s)ds e . 
Jo 


is evidently linear and by m also continuous. It then follows that the endpoint map F is 
differentiable at u and d v Fu = T v . □ 
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Theorem 23. Let u = (ui, . .. ,Ud) £ L p ([0,T],R d ) be a control in the domain of the endpoint 

map F. Let (w n ) ra eN be a sequence in L p {[ 0, T], R d ) such that u n —*■ u for some u G L p ([ 0, T\, M d ). 
Then d Url F —> d u F. 

The proof of this theorem needs a series of preliminary lemmas; for s E [0, T], set N u (s) = 
M u (T)M u {s)~ 1 . Since N u (s)M u (s ) = M U (T), upon differentiation and using the definition of 
M„, we obtain N^(s)M u (s) + N u (s)A u (s)M u (s) = 0, that is 


K(s) = -N u (s)A u (s), N U (T) = I. 

Lemma 24. Let {it n }neN an d u be as in the statement of theorem I £31 Then N Un —>• N u 
uniformly on [0, T]. 


Proof. 


N u {t) — N Un (t) = ( (N Un (s)(dX 0 ('y Un (s)) + V]u„ ji dX i (7„ n (s))) 
Jo V i =i 


(16) - N u (s)(dXo(j u ( s )) + y^Uj(s)dXi(j u (s))))ds 

i=1 ' 

{N Un (s) - N u (s))dX 0 (~f u (s)) + N u (s)(dX 0 {'y Un {s)) - dX 0 (7 u (s))) 

d 

+ (N u Js)-N u (s))J2un ti (s)dX i ('j Un (s)) 

1=1 

d 

+ N u (s ) ^2 u n! i(s)(dXi('y Un (s)) - dX^^s))) 

»=i 

d \ 

+ N u (s)^2(u nt i(s) - u i (s))dX i ('y u (s)) j ds. 

i— 1 ' 

By virtue of theorem 1191 7„ n —> 7„ uniformly on [0,T]; moreover if 

rl d 

h n (t) = / N u (s) y^(u n y(s) - u i (s))dX i ('y u (s))ds, 

J o i= 1 

then ||/i n || —> 0 uniformly on [0,T] by lemma 1201 indeed the sequence {h n } n6 N is 1/q- Holderian 
and converges pointwise to 0, moreover the factor N u (s) does not depend on n. Then (1161) can 
be estimated for n sufficiently large as 

\\N u (t) - N Un (t)\\ < C f \\N u (s) - N Un (s)\\ds +e, 

Jo 

and the theorem follows using the Gronwall inequality, as desired. □ 


Proof of theorem. \HR Theorem [22] yields that the differential of the endpoint map at the point 
w has the form 


{d w F)v = f N w (s)B w (s)v(s)ds. 


0 
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FRANCESCO BOAROTTO AND ANTONIO LERARIO 


We know from theorem na that 7u n —>• 7 U uniformly on [0,T]; then B Un —>• B u uniformly on 
[0,T], As lemma l24l shows that also N Un —► N u uniformly on [0,T], we deduce that 

d Un Fv —> d u Fv 

uniformly on [0,T], for any v £ L p ([0, T], and this finishes the proof. □ 
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